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Abstract
The simulations of the solidification of ternary Al-Cu-Ni alloys by means of a general multi-phase-
field model for an arbitrary number of phases reveal that the real microstructure can be generated
by coupling the real thermodynamic parameters of the phases and the evolution equations. The
stability requirements on individual interfaces for model functions guarantee an absence of ”ghost”
phases in a n-dimensional phase-field space. The special constructed thermal noise terms disturb
the stability and can produce the heterogeneous nucleation of product phases in accordance to
the energetic and concentration conditions. Of particular interest is that in triple points the
nucleation of the forth phase occurs without additional noise. Another observation is the growth
of the eutectic-like or peritectic-like structure in various alloys.
PACS numbers: 64.60.-i, 81.30.-t
The modeling of the microstructure can
not only predict how the amounts of the
phases and their composition vary with tem-
perature or chemistry for a given alloy but
also define the size and distribution of struc-
ture components. The evolution of the re-
alistic microstructure of multi-component al-
loys was studied in a wide range of the works
by means of the multi-phase-field approaches
developed in the recent years. These ap-
proaches can be divided into two main group:
models based on multi-phase concept of
Steinbach [1] and models, which exploit the
Lagrange multiplier formalism [2, 4]. The
main works in this area are the phase-field
modeling of eutectic [3–7] and peritectic so-
lidification [8–10]. However, the investiga-
tions were limited by the three-phase trans-
formations and the four-phase transforma-
tion reactions are not fully covered.
The focus of the paper is the investiga-
tion of new effects in ternary alloys, where the
four-phase reactions can occur. For our study
we chose the Al-reach corner of the phase di-
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agram of the Al-Cu-Ni system as a ternary
model system, first because it has the ad-
vanced thermodynamic and phase equilibria
data and second because the previous knowl-
edge in the nucleation and the microstructure
formation on the binary edge systems Al-Ni
[11–13] and Al-Cu [14] can be directly in-
cluded. Moreover, many experimental stud-
ies of the microstructure in ternary alloys
have been reported in the literature [15–17]
and there is the need for the theoretical com-
prehension of the various structure phenom-
ena.
We simulate the microstructure evolution
and the following nucleation effects by means
of the general phase-field model for multi-
component systems in n-phase-field space
[18]. In this model the method of Lagrange
multipliers and the idea of flatness and sta-
bility requirements suggested in the model
of Folch and Plapp [4] were implemented to
construct the special phase-field model func-
tions. An interface noise is added to the evo-
lution equations for the phase fields repre-
sented by Langevin forces in accordance to
the results of fluctuation theory described in
Refs. [19–21] to simulate the heterogeneous
nucleation on the macroscale.
In the model our physical system is fully
described by n phase fields pi ∈ [0, 1], i =
1, 2...n and N chemical concentration fields
cA ∈ [0, 1], A = 1, 2...N .
The total free energy functional of the sys-
tem is given as
F (p, c) =
∫
[
K
2
∑
i
(∇pi)2 +H
∑
i
fb,i(pi)
+ fc(p, c, T )]dr. (1)
Here constants are defined as K = Wσ/a1
and H = σ/(Wa1), where W is the inter-
face width, σ is the interface energy over all
dual interfaces, a1 is a numeric constant, c
is the mixture composition vector, T is the
temperature. Then fb,i are barrier functions
of phases and fc is the chemical part of the
free energy density.
For non-conserved phase fields we can
write an equation of motion using the
Ginsburg-Landau equation with Lagrange
multiplier [4]
τ(p)
∂pi
∂t
= − 1
H
δF
δpi
∣∣∣∣∑
pj=1
= − 1
H
(
δF
δpi
− 1
n
n∑
j
δF
δpj
)
(2)
that ensures
∑
i ∂pi/∂t = 0. Here τ(p) is
a system relaxation time, depending on the
local values of the phase fields and the value
of the driving forces [22, 23].
The corresponding barrier functions are
chosen as fb,i = p
2
i (1− pi)2. The model func-
tions gi(p) in the chemical free energy fc are
constructed to fulfill the stability and flatness
requirements in general n-dimensional space
and have the form [18]
gi(p) =
p2i
2
(
15(1−pi)(1−pi−
∑
j 6=i
p2j)+pi(5−3p2i )
)
.
(3)
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The mixture chemical free energy of a
multi-component system can be written us-
ing the second order Taylor expansion around
the minimal composition
fc = f
m
c +
n∑
A,B
XAB
2
(
cA − cA,m) (cB − cB,m) ,(4)
where fmc =
∑n
i Bigi is the mixture chemical
free energy in the minimum with Bi(T ) being
the minimal chemical free energies of phases,
cA are components of the mixture composi-
tion vector, cA,m =
∑n
i A
A
i gi are components
of the mixture minimal composition vector
with AAi being the minimal concentrations,
which are defined in the minimum of the
chemical free energies of phases. Then XAB
are components of a mixture thermodynamic
factor matrix, which is defined by the ther-
modynamic factor matrix of phases Xˆi as [13]
Xˆ−1 =
∑n
i Xˆ
−1
i gi.
We will also use mixture diffusion poten-
tials as variables in the model equations
µA =
N∑
B
XAB
(
cB − cB,m) . (5)
The chemical free energy (4) gives the ther-
modynamic driving forces and a set of phase
evolution equations has the form
τ(p)
∂pi
∂t
= W 2
(
∇2pi − 1
n
n∑
k
∇2pk
)
−
(
∂fb
∂pi
− 1
n
n∑
k
∂fb
∂pk
)
+
1
H
n∑
j
∂gj
∂pi
∣∣∣∣∑
pk=1
Ωj +
n∑
j 6=i
ξij,(6)
where we use the grand potentials of phases
Ωj =
∑N
A µ
AAAj −Bj for the sake of compact-
ness.
The terms ξij represent the thermal nucle-
ation noise and are constructed as
ξij = rξ0
RT
H2
15
(n− 1)
(
p2j(1− pj)(pL − pi)Ωj
− p2L(1− pL)(pj − pi)ΩL
)
, (7)
where r ∈ [−0.5, 0.5] is a random number,
ξ0 gives the magnitude of the fluctuations,
pL is the liquid phase field and pi, pj are
solid phase fields. The noise terms produce
the fluctuations of a phase i on a j/liquid
interface with an amplitude proportional to
the driving force Ωj − ΩL and back propor-
tional to the surface energy. It can be shown
that the noise terms (7) depend on the un-
dercooling and the surface tension in consis-
tence with the nucleation theory. Indeed, on
a dual j/liquid interface in our four-phase
system the noise terms for the phase i re-
duce to ξij = rξ0
RT
H2
5p2L(1 − pL)2(Ωj − ΩL).
This is proportional to the probability of the
nucleation for the phase i , exp(−∆G
RT
) ≈ RT
∆G
,
with a nucleation barrier for the 2D system,
∆G ≈ σ2
∆Ω
.
The diffusion equations for all components
have the following form
∂cA
∂t
= ∇ ·
[
n∑
B
MAB(p)∇µB − JAat(p)
]
,(8)
where MAB are the components of the mo-
bility matrix Mˆ = Dˆ · Xˆ−1. The compo-
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TABLE I. Scaled material and phase-field model
parameters used in the simulation.
Parameter Value
τ˜ij = τ˜ (relaxation time) 1
∆˜x (grid discretization size) 1
∆˜t (time step) 0.025
W˜ (interface width) 1.2
D˜NiL (diffusion in liquid phase) 1
D˜CuL (diffusion in liquid phase) 0.8
D˜S (diffusion in solid phase) 0.01DL
H˜ (scaled surface energy) 0.14
ξ0 (amplitude of noise) 0÷ 0.6
nent of the diffusion matrix are defined as
DAB(p) =
∑N
i D
AB
i gi with D
AB
i being the
terms of the diffusion matrix in a phase i.
The values JAat are the anti-trapping currents
for all components.
The scaled material and model parame-
ters used in the simulations are presented
in Table I. The system time scale was cho-
sen as 1× 10−3 s, the system length scale as
1.3×10−8 m and the energy scale had the or-
der of the thermodynamic factor in a liquid
for all elements E0 = 2×106 J/mol-at. In the
simulations we neglected the cross terms in
the diffusion and thermodynamic factor ma-
trices.
For the numerical tests we chose alloy 1
with an initial concentration of 4 at%Cu-11
at%Ni and alloy 2 with 6 at%Cu-19 at%Ni.
The main interest of the study is the four-
phase reaction at 604◦C:
L + NiAl3(α)→ Ni2Al3(β) + (Al)(γ). (9)
Equations (6) and (8) were solved numeri-
cally using the Euler method in the cubic 2D
simulation box of size 1000 ∆x and 500 ∆x
with periodic boundary conditions. To ver-
ify the microstructure formation we have also
prepared 3D simulations in a box of size
100 ∆x.
The microstructure of alloy 1 was mod-
eled in two tests at a constant temperature
of 575◦C. The used thermodynamic param-
eters are listed in Table 2. The parameters
AAi for α and β phases are chosen according
to the equilibrium phase diagram. In test 1
the concentrations for the γ phase are chosen
two times larger than according the phase di-
agram. This is for the purpose to proof the
influence of this parameter on the microstruc-
ture. We started with the growth of the ini-
tial crystals of α phase. After 1200 time steps
the nuclei of the β and γ phase were inserted
randomly on the α/liquid interface. In Fig-
ure 1 the microstructure of alloy 1 for the test
1 is shown. The γ phase starts to grow be-
tween the crystals of the α and β phase only
if the fraction of the β phase is larger then
20%. In Figure 2 the microstructure of alloy
4
1 for test 2 is shown. The coupling eutectic-
like growth of the β and γ phase is observed.
The crystals of the γ phase precipitate along
with β during the four-phase peritectic re-
action (9). The structure is similar to the
experimental microstructure observed in Al-
Cu-Sn and Al-Cu-Ni-Mg alloys [17, 24]. The
basis for the occurrence of the lamellar struc-
ture is that the both product phases, β and
γ, have similar Gibbs free energies and sym-
metric concentration parameters. In Figure
2(a) the simulations are carried out without
the thermal noise. The eutectic-like struc-
ture forms by the overgrowing of one phase
over other one. In Figure 2(b) the ampli-
tude of the noise was chosen with ξ0=0.45.
The first interesting observation is that the
noise refines the eutectic structure such that
the lamellar thickness decreases by 2-5 times.
The crystals of γ phase precipitate on the β
phase and the new crystals of β phase form
on the γ/liquid boundaries as shown in Fig-
ure 3(a). The both phases serve as nucleants
for each other.
In the simulation we can also observe that
new crystals of the γ phase form in the triple
points of the phases. This occurs with and
without noise terms. Furthermore, Figure
3(b) shows the 3D view of the nucleation of
the γ phase on a triple line with the same
mixture of α, β and liquid phases.
For alloy 2 the simulations were carried
(a) (b)
FIG. 1. Simulated microstructure in alloy 1 for
test 1 (a) and the corresponding concentration
field of Ni (b). Purple, red and yellow areas in-
dicate α, β and γ phases, respectively. Black
area indicate the rest of the liquid phase.
(a) (b)
FIG. 2. Simulated microstructure of alloy 1 for
test 2 without (a) and with (b) noise. Black,
red and yellow areas indicate α, β and γ phases,
respectively.
out with the equilibrium parameters pre-
sented in Figure 4 and Table 2. During the
simulation the temperature decreases linear
with the cooling velocity, vc = 5 K/s. Note
that the cooling rate strongly influences the
phase fraction evolution. After 575◦C the
temperature is assumed to be constant due
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TABLE II. Thermodynamic parameters of
phases in alloys 1 and 2 used in the simulations.
A˜i = Ai −AL, B˜i = Bi−BLE0 , X˜i =
Xi
E0
alloy phase A˜Nii A˜
Cu
i B˜i X˜
Ni
i X˜
Cu
i X˜
NiCu
i
1 α 0.24 0.0 -0.012 10 10 0
β 0.17 0.20 -0.025 5 5 0
γ test 1 -0.17 -0.17 -0.025 1 1 0
γ test 2 -0.08 -0.08 -0.006 1 1 0
2 α 0.22 -0.007 Fig. 2 10 10 0
β 0.18 0.19 Fig. 2 5 5 0
γ -0.08 -0.08 Fig. 2 1 1 0
to the latent heat extraction during the four-
phase reaction. We started with the growth
of initial crystals of the β phase. At 604◦C
nuclei of the α phase were inserted at ran-
dom sites on the solid/liquid interface of the
β phase and after any steps the crystals of
the γ phase nucleate spontaneously and grow
along with the β phase. The nucleation oc-
curs in triple points of α, β and liquid phases
as shown in Figure 3(b,c).
The resulting microstructure and the con-
centration field of Ni at 520◦C are shown in
Figure 5. This structure can be compared to
the real structure of alloy 2 presented in Fig-
ure 6. In the phase-field model the functions
serve for the stability of the solution and the
absence of the third phase on individual in-
terfaces. The explanation of the nucleation
(a) (b) (c)
FIG. 3. Examples of the nucleation events of
the γ phase in alloy 1 (a) and (b) and in alloy
2 (c). Red and yellow areas indicate β and γ
phases, black (a) and gray (b) areas indicate the
liquid phase, purple (a,c) and green (b) areas
indicate the α phase.
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FIG. 4. Scaled minimal energies of phases.
of a forth phase in triple points was done in
the work [18]. The authors show that in this
points the presenence of small fluctuations of
the forth phase is maximal and at the appro-
priate energetic conditions the nucleation and
growth of new phase can occur. In our case
the γ phase has an enough small Gibbs free
energy. Furthermore, the concentration of Al
near the triple points is maximal that make
the nucleation of the γ phase very favorable.
The spontaneous nucleation of the γ phase
6
(a) (b)
FIG. 5. Simulated microstructure in alloy 2 (a)
and the corresponding concentration field of Ni
(b). Black, red and yellow areas indicate α, β
and γ phases, respectively.
in the triple points can be also controlled by
the thermal noise. The number of the nu-
cleation events in the system increases with
increasing ξ0. At ξ0 = 0, 0.15 and 0.3 the
number of nucleation events was 2, 6 and 10,
respectively. Another interesting observation
is that no nucleation of the third phase on
dual solid/liquid interfaces can be observed
even for larger ξ0 unlike the simulations in
alloy 1. This can be explained by the small
energy difference between the phases.
The evolution of the phase fractions in al-
loy 2 is shown in Figure 7. The comparison of
the time evolution of the phase fractions for
two simulated cases shows that the thermal
noise increases the growth velocity of the γ
phase and reduces the time of the four-phase
reaction. In a such a way it can influence the
experimental DSC curves [13].
In summary, on the basis of the general
FIG. 6. The backscatter micrograph of alloy
Al75Cu6Ni19 equilibrated at 520◦C [25].
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FIG. 7. The time evolution of phase fractions in
alloy 2. A dashed box indicates the region of the
four-phase reaction.
phase-field model for a n-dimensional phase-
field space we have demonstrated the emer-
gence of microstructure simulation in ternary
alloys with four-phase interactions. It is the-
oretically clear, that the equilibrium param-
eters of phases used in the simulation and
hence the initial alloy composition and also
the process parameters such as the cooling
velocity strongly influence the microstructure
formation. Most importantly, the heteroge-
7
neous nucleation of new product phases can
be done in the model by three ways. First
way is the random insertion of a nucleus on
the solid/liquid interface. The second one is
the spontaneous nucleation of the forth phase
in the triple points that is the organic prop-
erty of the model and in consistence with the
physical theory of the heterogeneous nucle-
ation. The third way is the nucleation of a
new phase on a dual interface by means of the
special thermal noise term. Note that these
terms are constructed using the derivatives
of the model functions gi and can be seen
as nature fluctuations of the thermodynamic
driving forces. Of particular importance is
that the 3D simulations give us the same nu-
cleation effects, which we also observe in 2D
simulations with only one difference that the
forth phase nucleates on the triple lines. It
can be predicted that in the case of a five-
phase system we will obtain the spontaneous
nucleation of the fifth phase in the quadro-
points in the simulation.
∗ julia.kundin@uni-bayreuth.de
[1] I. Steinbach, F. Pezolla, B. Nestler, M.
Seeelberg, R. Prieler, G.J. Schmitz, and
J.L.L. Rezende, Physica D 94 135 (1996).
[2] H. Garcke, B. Nestler, and B. Stinner,
SIAM J. Appl. Math. 64 775 (2004).
[3] B. Nestler, H. Garcke, and B. Stinner, Phys.
Rev. E 71 041609 (2005).
[4] R. Folch, and M. Plapp, Phys. Rev. E 72
011602 (2005).
[5] Nestler B and Wheeler A A, Physica D 138
114 (2000).
[6] Apel M, Boettger B, Diepers H-J and Stein-
bach I, J. Cryst. Growth 237–239 154
(2002).
[7] S.G. Kim, W.T. Kim, T.Suzuki, and M.
Ode, J. Crist. Growth 261 135 (2004).
[8] J. Tiaden, B. Nestler, H.J. Diepers, and I.
Steinbach Physica D 115 73 (1998)
[9] T.S. Lo, S. Dobler, M. Plapp, A. Karma,
and W. Kurz, Acta Materialia 51 599
(2003).
[10] A. Choudhury, B. Nestler, A. Telang, M.
Selzer, and F. Wendler. Acta Materialia 58
3815 (2010).
[11] J. Kundin and R. Siquieri, Physica D 240
459 (2011).
[12] J. Kundin, R. Siquieri and H. Emmerich,
Physica D 243 116 (2013). (2013).
[13] J. Kundin, H.-L. Chen, R. Siquieri, H. Em-
merich, and R. Schmid-Fetzer, Eur. Phys.
J. Plus 126 96 (2011).
[14] B. Boettger, J. Eiken, and M. Apel, J.
Comp. Phys. 228 6784 (2009)
[15] N. Wang, B. Wei, Mat. Sci.& Eng. A,
307(1-2) 80 (2001).
[16] K. Gammer, E. Ogris, P.J. Uggowitzer,
8
and H. Hutter, Microchimica Acta 141 23
(2003).
[17] N. Yan, Z.Y. Hong, D.L. Geng, W.L. Wang,
and B. Wei, J. Alloys and Compounds 544
6 (2012).
[18] E. Pogorelov, J. Kundin and H. Emmerich,
submitted to Phys Rev. E, arXiv 1304.6549,
(2013).
[19] A. Karma, W.-J. Rappel, Phys. Rev. E
60(4) 3614 (1999).
[20] Z. Changsheng, L. Baicheng, J. Tao, and F.
Wenfang, Mater. Trans. 46(1) 15 (2005).
[21] Q. Bronchart. Y.Le Bouar, and A. Fine
Phys. Rev. Lett 100 015702 (2008).
[22] A. Karma and W.-J. Rappel, Phys. Rev. E
57 4323 (1998).
[23] A. Karma, Phys. Rev. Lett 87(11) 115701
(2001).
[24] N.A. Belov, D.G. Eskin, and N.N. Avxen-
tieva, Acta Materialia, 53(17) 4709 (2005).
[25] R. Schmid-Fetzer, TU Clausthal, Personal
communication.
9
